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e Two integrable many-body systems are dual to each other if the
action variables of system (i) are the particle positions of system
(ii), and vice versa. Underlying phase spaces are symplectomorphic.

e First example is the self-duality of the rational Calogero system.
Interpreted in terms of symplectic reduction by Kazhdan, Kostant
and Sternberg (1978).

e Duality was discovered and explored by Ruijsenaars (1988-95)
in his direct construction of action-angle variables for Calogero-
Sutherland type systems and their ‘relativistic’ deformations.



A ‘dual pair’ of integrable many-body systems

Hyperbolic Sutherland system (1971):

thp—Suth(%p) — 5 Z PL + E Z
k=1 j

Basic Poisson brackets: {qz,p]} = 0; j, . non-zero, real constant.

Rational Ruijsenaars-Schneider system (1986):

N

2
Hyat rs(P, ) = Z cosh(qy) |1 [1 ‘|‘( ~V
k=1 £k " =)

Poisson brackets: {p;,q;} = d; ; (p; are RS ‘particle positions’).
Systems describe n ‘particles’ moving on the line, and are integrable.

Ruijsenaars (1988) constructed ‘duality symplectomorphism’ (action-
angle map) between underlying phase spaces.



Local description of two other dual pairs

Standard trigonometric Ruijsenaars-Schneider [86] system:

1

n sinh?z 12
Hirigo—Rs = Z (cosh p) H — .
k=1 ik sin“(qx — q;)

It is a relativistic generalization (here with ¢ = 1) of

Htrigo—suth = pk +
J Z Zk SmQ(Qk )

The dual systems (Ruijsenaars [88,95]):

N|—

_ n ~ sinh?x
Hirigo—Rs = Z (cosqy) H [1 — = = = ]

=1 ik L sinh?(py, — B;)

_ n 2 13
Heat—rs = Y (cosqy) ]] [1— —— ]

N2
k=1 £k (pk _pj)

Hirigo—RS: ﬁtrigO—Rsi different real forms of complex trigo RS.
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Three self-dual systems

Rational Calogero system:

HCaI— Zpk+ Z

2 =, (a, — ¢5)°

72

Hyperbolic Ruijsenaars-Schneider system:

1
n sinh2z 2
Hpyp—Rrs = (cosh pg) [1 + ]
7P kgl jl;_g[k sinh?(qj, — q;)

Compactified trigonometric RS (III,) system, locally given by

1

" sin?z 2
Hcompact—rs = ) (cospg) ] [1 -~ ]
k=1 ik sin“(qx — qj)



Duality from symplectic reduction: the basic idea

Start with ‘big phase space’, of group theoretic origin, equipped
with two commuting families of ‘canonical free Hamiltonians'.

Apply suitable single symplectic reduction to the big phase space
and construct two ‘natural’ models of the reduced phase space.

T he two families of ‘free’ Hamiltonians turn into interesting many-
body Hamiltonians and particle-position variables in terms of
both models. Their rOle is interchanged in the two models.

The natural symplectomorphism between the two models of the
reduced phase space vields the ‘duality symplectomorphism’.

Motivated by KKS [78], the above ‘scenario’ was described by Gorsky and
Nekrasov in the nineties (see e.g. Fock-Gorsky-Nekrasov-Roubtsov [2000]). They
focused on local questions working mostly with infinite-dimensional phase spaces
and in a complex holomorphic setting.



Simplest example: Take T*u(n) ~ u(n)xu(n) = {(X,Y )} for the big
phase space. Consider the ‘canonical free Hamiltonians’ tr (X"“) and
tr (Y*). Reduce by the adjoint action of U(n) choosing the value of
the moment map J(X,Y) = [X, Y] from a minimal coadjoint orbit.
This yields the self-dual rational Calogero system (OP [76], KKS [78]).

Our purpose is to derive all of Ruijsenaars’ dualities by reductions of
suitable finite-dimensional phase spaces. Then study new cases:
systems with two types of particles, BC(n) systems etc.

e Today, I first explain that the standard trigonometric Ruijsenaars-
Schneider system is a symplectic reduction of a natural Poisson-Lie
symmetric system on the Heisenberg (symplectic) double of U(n).
Generalizes the KKS [78] treatment of the Sutherland system as a reduction of

the free particle moving on U(n).

e [ hen I describe how the Ruijsenaars dual of this system arises in
the same reduction procedure.



The phase space of the trigo RS system is P := T*Q(n), where

Q(n) = TY9/8, with TY being the regular part of maximal torus
T, < U(n). The Lax matrix L and symplectic form w are:

H [1+ sinh?z r

=

el sinh(—z) sinh?z
Lj(q,p) = ———F ll-l— : ]
! sinh(ig; — igx — x) };Ij SIﬂQ(Qj — qm)

W:dek:/\koa pr € R, O<qg.<m, Qq>q> ">qn
k

The dual system can be locally characterized by

I el% sinh(—x) [ sinh?z z [ sinh?z r
L; eqap: . ~ ~ 1_ — —~ 1_ ~ ~

#(e" ) sinh(p; — pr, — ) T};[j sinh?(p; — pm) | ngk sinh?(py, — Pm)
p=diag(p1,...,pn) € € :=A{p[pj —Pj41 >z, 7=1,....,(n—1)}
e'? ¢ T,, with ¢ = diag(qy,...,qn). Dual phase space P =T, x €z isS
open submanifold of cotangent bundle of T;,, with @ = dp;. A dq;..

e The commuting flows associated with L are not complete on P.

e P is symplectomorpic (only) to a dense, open submanifold of P.
Hence P needs to be extended, as performed by Ruijsenaars [95].
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Reminder on the Kazhdan-Kostant-Sternberg reduction

Consider cotangent bundle T*U(n) of U(n) (in right-trivialization):
T*°U(n) ={(9,Jp) g € U(n), J € u(n)* = u(n)}
It carries the natural symplectic form
Q(g,Jp) = dtr (Jpdgg™t)
and two sets of ‘canonical free Hamiltonians' {h;} and {h.;}

hk(ga JL) = 1r (IJL)k7 Ek(ga JL) = Rtr (gk)7 /I:L—k(ga JL) = St (gk)

e One can write down their Hamiltonian flows explicitly.

e They are invariant under the adjoint action of U(n) on T*U(n).

Philosophy:
Interesting systems are reductions of ‘obviously integrable’ systems.
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The adjoint action of U(n) on the phase space

ne(g,Jr) = (ngn~tndpn™t)  Wn e U(n)
is generated by the moment map J : T*U(n) — u(n)* given by

J(g,J) =J+Jg with Jg(g,Jr) = —g 'JpLg.
J is sum of moment maps generating left/right multiplication.

With arbitrary real x = 0, define u(x) € u(n) by

KKS [78] showed that the moment map constraint
J = p(z)

produces the trigonometric Sutherland system from the Hamil-
tonian system describing the free particle on U(n): (T*U(n), <2, ho).
The Hamiltonians {h;} give action variables of Sutherland system
(and {h.;} become in effect the Sutherland coordinate variables).

Using another model of the reduced phase space, {hi;} vield the
commuting Hamiltonians of the Ruijsenaars dual of the Sutherland
system (and {h;} become in effect the dual coordinate variables).
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Poisson-Lie analogue of Kazhdan-Kostant-Sternberg reduction

According to Semenov-Tian-Shansky [85] and Lu-Weinstein [90]:
e P-L analogue of T*U(n) is Heisenberg double of Poisson U(n).

e [ he Heisenberg double has ‘canonical commuting Hamiltonians’.

As described explicitly by Klimcik [06]:
e Adjoint action (moment map) generalizes to quasi-adjoint action.

We asked:
e What is the correct moment map value to choose?

If this is known, the rest is in principle straightforward calculation.
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Symplectic structure of Heisenberg double
The Heisenberg double of U(n) is the real manifold GL(n,C).

Every K € GL(n,C) admits two Iwasawa decompositions:

K =brgrt and K =grbp’ with g rcU(n), bpr€ B

B: group of upper triangular matrices with positive diagonal entries
Define maps Ar, p : GL(n,C) — B and =p p:GL(n,C) — U(n)

AL r(K):=b,r and =g gr(K):=gLR
GL(n,C) has natural symplectic form (Alekseev-Malkin [94])

1 I _
w+:§str(d/\L/\L1Ad D+ \s‘tr(d/\R/\R A d=r=R1)
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The Poisson bracket on (GL(n,C),wy)

For any &1, P, € C*°(GL(n,C)):

{®1, P2}y = Str (VI p(VHids) + Vi p(VEP))

where p 1= 3(m,(,)—7g) belongs to the splitting gl(n,C) = u(n)+B
and we use gl(n,C)-valued derivatives

d
o (N Ke) = 8tr (X VI (R)+Y VRS (K)) VXY € gi(n,C)
Sls=0

Iwasawa maps =5, g : GL(n,C) — U(n) and A, g : GL(n,C) — B are
Poisson maps if U(n) and B are equipped with their standard
Poisson structures. In particular, { , }4 closes on

=71 rCC(WU(n)) andon A} rRC*(B)

Induced Poisson bracket on U(n) is standard Sklyanin bracket
[defined by Drinfeld-Jimbo r-matrix, R' € End(u(n)), R'(X) = m ) (—iX)]
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Commuting Hamiltonians from dual P-L groups
C°(Un))VM): the adjoint (conjugation) invariant functions

C°(B)¢ = c°(B)V(M): the center of the Poisson bracket on C°°(B)
provided by the dressing invariants

N5 C®(B)¢ = NC®(B)° and  Z5C®°(U(n))V (M
form Abelian subalgebras in C*°(GL(n,C)) w.r.t. {, }4

The commuting Hamiltonians of the dual pair of Ruijsenaars
systems will arise from the above two Abelian algebras.

Hence Ruijsenaars duality is linked to Poisson-Lie duality.
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Formulae of induced Poisson bracket on B and on U(n)

For any f1, fo € C°°(B):

{f1, 2y B(B) = =Str (b1 (d" f1(B))bd" f2(b) )

where, for f € C>®(B), one defines dbtf € C°(B,u(n)) by

d

ol f(eXbe™) = Str (Xd"f(b) + Vdf(b)) VX,V €B

For any ¢1,¢> € C°(U(n)):

{61, 02}y (9) = tr (DFg1(g) RI(DE2(g)) — DLg1(9) R'(DLe2(9)))

where, for ¢ € C°(U(n)), one defines DLt € C°(U(n), u(n)) by

d

— ¢ ge”) =tr (XDP(9) + YD 4(9)) VXY €9
ds|s=0
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Quasi-adjoint action

Following Lu [90]:
Poisson map from phase space into P-L group B is called (equivariant) P-L
moment map. Every such map generates infinitesimal Poisson action of U(n)

ALr: GL(n,C) — B moment maps generating left/right multiplications by U(n).
The product A := ApAp : GL(n,C) — B is also P-L moment map.

A\ generates infinitesimal ‘quasi-adjoint’ action of U(n).
Concretely, for any Y € u(n) define vector field Y on GL(n,C) by

Lof =Str (Y{f,A}LAD), Vi e C®(GL(n,C))
Integration of infinitesimal action yields U(n) action on GL(n,C):
n> K 1= nK=r(n\p(K)), nelU(n), KeGL(n,C)

Now can reduce (GL(n,C),w4) by choosing v € B and imposing

moment map constraint: A(K)=v, K € GL(n,C).

But what dynamics to reduce, and how to choose v7
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The ‘canonical free flows’

e First, flow of Hamiltonian H = fo A with f € C*®°(B)€ is

K(t) = gr,(H)bp () = g1,(0) exp |—td" £ (bR(0))| b5" (0)
In other words, bp(t) = br(0) and g7 (t) = g7, (0) exp [—thf(bR(O))}
Equivalently, by (t) = b7(0) and gp(t) = exp [—tde(bL(O))} gr(0)

e Second, the flow of A = ¢o=p with ¢ € C°(U(n))VM) reads
gr(t) = v()gr(0)v(H) T, b (t) = br,(0)B()
with v(t) € U(n), B(t) € B defined by tP?(9r(0)) = g(¢)~(¢). Also

KW KT(t) = b, ()b, (8)T = b7,(0)e2PP9r(O)p, (0)f

Solutions are obtained by Gram-Schmidt orthogonalization.

e ‘Canonical free Hamiltonians’ are invariant under the quasi-
adjoint action of U(n); thus can be reduced simultaneously.
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‘Unreduced Lax matrices’

generators of C®(B)°:  fr(b) 1= Ftr (b1F VK € Z*
/C®(B)¢ = C°(B)V(") — dressing invariants/
1

generators of COO(U(n))U(”): or(g) = Q—k;tr (gk -+ g_k)

b_1(9) == gptr (g" —g™") VkeZy

Canonical Hamiltonians Hy, := fioAp and Hy := ¢0=p are spectral
invariants of matrix functions £ and £ defined on the double by

L= /\R/\TR and L:==p

We call £ and £ unreduced Lax matrices.

The quasi-adjoint action operates on the ‘unreduced Lax matrices’

L and £ by similarity transformations. Hence £ and L vyield Lax

matrices for reduced systems obtained from {H.} and from {f,;}.

We prove: £ and L descend to the RS Lax matrices L and L.
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Definition of the reduction

e First, fix value of moment map A to some constant v € B.
e Second, factor level set A—1(v) by isotropy group G, of v.

The crux is the choice v := v(x): with x # 0 real parameter

vie)ge =1, Vk, v(x)y = (1-— e_2$)e(l_k)w, Vk <1

2nx

n_ 1?}(913)’0(31:)Jr

Useful relation: 1/(313)V(:13)Jr — 2 lln + -

n(€2x— 1) e—kx
1_6—2na;

with vector v(x) € R™ defined by vi(x) = \/

G,(z) < U(n): isotropy group of v(z) — acts freely on F,,,

Central U(1) < U(n) acts trivially. G,y < G, isomorphic to G,)/U(1).
Reduced phase space is smooth manifold F,,y/G -
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Key facts about the reduced system

Consider natural embedding £ and projection =«

& Fo@y = D= GL(n,C), m: Fy) — Fl/(as)/Gv(a:) = Dred

(Dred, wreq) is symplectic manifold characterized by £*wi = m¥wyeq

(Dyed, wreq) Carries reduced canonical Hamiltonians defined by
7_(_* Iged — g*Hk., 7'('* "II;ed — g*ﬁk

{H®9} and {A[®} form two Abelian algebras. Induce complete
flows on D,.q: oObvious projections of ‘canonical free flows'.

The aim is to exhibit concrete models of the reduced phase space.
Any two models are symplectomorphic to each other naturally.

It global sections of the princCipal G, (,) bundle m : F,;y — Dyeq eXIst,
then they can be taken as models of (Dyed,Wred)-

We exhibit two models, which will be identified with (P,w) and with
the natural completion of (P,%). This explains Ruijsenaars’ duality.
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Preparation for describing the first model

Consider

Ty~ Ty x R = {(e*,p)},  Qrm=) dpiAdg
k=1

and the projection m : T*T® — (T*T%)/S, = T*(T%/S,) = T*Q(n), for which
11 (Q2r.gm)) = Qr-o. That is, consider S,-covering of phase space P = T*Q(n).

Define the smooth map 7 : T*Tg — G L(n,C) by the following explicit formula:

oo . sinh? = sinh? :
Z(e? p)py = e P/2720 H [1 + - ] H [1 + -

) in2
m<k Sin (Qk: - Qm) m>k Sin (ka - Qm)

I—k - -
- . - . . . €$62|ql _ €—$62|qk+m
I p)u =0, k>I, T2, p)p = Z(e?,p)y H k<l
m=1

eQin — 62iQk+m71

Claim: the image of T*T? by Z is a symplectic submanifold S C F,zy C GL(n,C).
(58,w+|g) and T*TQ are symplectomorphic by Z, and furnish symplectic covering
spaces of the reduced phase space.
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The first model of the reduced phase space

The map 7 : T*T) — D is injective, its image lies in F,,), and it verifies
Trwy = Qpeo.

7 descends to a diffeomorphism Z : T*Q(n) — v(2)/ Gu(z) defined by the equality
Zom =mol,

and Z satisfies T*wreq = Qr-g(n), Where m : F,,y — F,(,)/Gy) IS the projection.

Thus (P,w) = (T*Q(n), Qr.g(n)) IS @ model of reduced phase space (Dyed, Wred) -

With § € A~1(v(z)) = F,(,), the situation is summarized by the diagram:

™19 L. §cF,,
Tl s with induced S,-action on S.

T*Q(n) 2, g/Sn ~ Dreqg

The composition £LoZ gives (up to inessential similarity transformation) the Lax
matrix L of the original Ruijsenaars-Schneider system, where L is regarded as a
function on the covering space T*TY of P = T*Q(n).

Hence trigo RS system (P,w, L) is reduction of ‘free’ system (D,w4,L).
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Preparations for the second model
Recall (incomplete) dual phase space, P =T, x €, = {(€',p)} with & = dpy A dqy.

Consider P.:= C" 1 x C* with the symplectic form

. = n—1
~ idZ N\ dZ . : _ n—
De ZZW—I—SIgn(a:)j:glldzj/\dzj, ZeC*, zeC'l

Define the smooth injective map 2, : P — P. by

n n
Zj(maq\)ﬁ) — (ﬁj _ﬁj-l—l - |CC|)5 H e—l%a Z(CU,Q\,]I?\) —e H e_lqk7 T > 07
k=j+1 k=1

J n
2i(2,3,0) = (B — b1 — 2 [[ e Z(z,q.p) =P [[ e, z<o.
k=1 k=1

Z, is a symplectic embedding of (P,®) into (P.,&.), Zo. = ©.

The Z,-image P? := Z,(P) C F. is dense open submanifold.
P\ Z,(P) consists of the points for which some z; (j =1,...,n — 1) vanishes.
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With p := diag(p1,...,pn), define O(n,R)-valued function 6 on the closure of ¢€,:

b= omor s T[S P ZE S = P )

_SINNAz) Pj — bm — &) SITADY — P ifj#k,
sinh (pk:_pj) Smh(pj_pm)smh(pk_pm) ]

mz=j,k

0(z. ) 1= H [Sinh(ﬁj — Pm — x) SiN(P;j — Pm -I-CL‘)r
) 17— . —~ —~ :

We also use O(n,R)-valued functions kr(x) and {(xz,p) and the diffeomorphism
N: T, — T, provided by

n J
N(x,7); = HTk:_1> x> 0, N(x,7); = H’Tk_l, x <0,

and notation

Ty -= diag(72,...,m,1) if >0, Ty -= diag(1,71,...,7-1) if x<O.

Finally, define smooth, injective map k, : P — F, ) by explicit formula

ko(e,5) 1= (s (@)R(, eT) (¢ (x.5) 1) & (6(x, B)elTel)
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The final result

e Toky : P — D,eq gives symplectic diffeomorphism onto open dense submanifold

DP , of reduced phase space.

e Lok, gives (up to inessential similarity transformation) the dual Lax matrix L.

e Thus (P,,L) represents the restriction on D2, of the reduction of the ‘free’
system (D,w4,L).

e The map k.o Z;!: P° — F,,) extends uniquely to a smooth injective map

7 :P.— F,,) such that mroZ : P. — Dyq is a symplectic diffeomorphism.
Therefore, (P.,&.) is a model of the full reduced phase space.

Ruijsenaars’ restricted and global duality (action-angle) maps, R° and R,
are obtained geometrically:

id z°

T
PO — PO = Fyo(x)/Gv(a:) P - v(2)/ Go()
RO | RO | | id and R | ] id

~ Z, ~ m0Z0 75 mol

P = P = F,/Guw Pe = Fu@)/Guw

All K € F,(, satisfy —21og(KK') € €,. Dense submanifold F{ .,y is characterized
by condition —log(KK') € €,. P and P° are two models of D%, = f(x)/Gv(w).

red —
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Concluding remarks

Presented group theoretical method whereby obtains trigonometric
Ruijsenaars-Schneider system and its completed dual in one stroke.

The idea was to follow natural generalization from ordinary
to Poisson-Lie symmetry and reduce canonical free systems.

Technically simplifies parts of original work of Ruijsenaars [88,95].
References: 0809.1509, 0901.1983, 0906.4198 [math-ph] and in preparation

Problems under investigation and plans for the future:

e Study compactified, hyperbolic and elliptic RS systems.

Etingof-Kirillov [94], Noumi [96]: Q.G. interpretation of Macdonald polynomials

e Derive BC(n) (van Digjen) systems in analogous manner.
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