Inequivalent quantizations of the three-particle
Calogero model constructed by separation of variables

based on Nucl. Phys. B715 (2005) 713-757
(math-ph/0412095) with T. Filop and I. Tsutsui

Some motivations for studying Calogero type models:

— ‘Alcoholics searching for keys under the lamp’ (Calogero 71).

— Relations to CFT, Seiberg-Witten theory and black holes.

— Infinite particle limits relevant in condensed matter theory.

— Symmetric spaces, Lie groups, special functions.

— From the beauty of integrability to testing codes.

— Inequivalent quantizations are related to anomalies, defects,
point interactions and have interesting applications.

T heir study involves functional analytic aspects of Q.M.
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Formally, the Calogero-Moser Hamiltonian reads

H=—-Z>—> —5+ {-mw*(z; — ;) + g(z; — ;)" 7}
2m /27 Ox; i=2i=1 %
2

Calogero assumed g > —f—m, presented exact solution for any N.
For two particles, relative motion is governed by
h?d? 1 55,9 5
Hy=—+-mw —~y “.

VS o2 TV LY

H, (on the minimal domain) is essentially self-adjoint only if
g > i—?j, otherwise it admits (U(2)-family of) inequivalent self-

adjoint extensions. (‘Tunneling’ effect, Tsutsui et al 2902.)
Energy spectrum is not bounded from below if g < —f—m.

Interesting inequivalent quantizations are expected for any N, if



Separation into spherical and radial Hamiltonians

One has H = Hy+ H,.;, where Hgy belongs to center of mass and
H’rel = Hr + T_QHQ

he d2 K2 N-24d
H, = — + wa 2p2
2mdr2 2m r dr

hQ N 1—1 5
Hg = 5 Aog+g9> D [r/(z—x))]
1=27=1

r: Radial variable on RY~1 spanned by the relative (Jacobi)
coordinates of the particles. An: Standard Laplacian on SV—2.
Q: collection of angle coordinates on the sphere S¥N—2 c RV-1,



Calogero constructed an orthogonal basis of L2(R¥~1) in the
factorized form Rp \(r)nx\(€2), where

Hony = Any, H,.\Rpx= ERg) with H,.,=H + X\~

This is equivalent to defining self-adjoint domains for the angular
and radial Hamiltonians Hg, and H,. y.

Since L2(RN-1) = L2(Ry, 7NV 2dr) ® L2(SN—2),
2—N A2 d?2 N

2 _ _
B2 (N — 2)(N 4)_|_>\2

N2 5
Hyx=7 2 oHpj or 2 = — +—mwr<+ 5
4 8m r r

2mdr?
must be self-adjoint on L?(Rg,dr).
Inequivalent radial quantizations |f (N 2)(N —4) 4+ A <
(Investlgated by Basu- I\/Ialllck et al, Wlpf et al 2002.)

If ﬁ —(N —2)(N —4) + X < —g, then (energy) spectrum is not
bounded from below.




For N = 3, with h = 2m = 1, the angular Hamiltonian becomes

d? 499
dp2 ' 2sin? 3¢

Naively, M has Dg symmetry.

Wl

The angular configuration space Sl, with the six singular points
and the six ‘sectors’ between the consecutive singularities (left),
and with the axes of the reflection symmetries of M (right).
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Wish to maintain the Dg symmetry, generated by the particle
permutations and parity, in the inequivalent quantizations of M.

Character table of the dihedral group Dg

OWEY (e} (R} (P} {REE} (REZ} (R%y)
o 11 1 1 ! .
T 1 -1 1 -1 1 !
YT~ 1 1 -1 -1 1 -
X~ 1 -1 -1 1 - .
N® 2 1 = 2
7(2) 2 -1 1 2




Self-adjoint versions of M

Do = C§(ST\ S): minimal domain, S: set of 6 singular points
Dy C L2(SY): maximal domain for differential operator M
(D1 2 v : 4, ' absolutely continuous, 1, M+ square integrable)

Deficiency indices of Mp, are (12,12) for g in our range.

One has MZ‘)"O = Mp, and self-adjoint extensions of Mp, are
restrictions of Mpl obtained by imposing suitable boundary
conditions at the singular points S.

Local self-adjoint boundary conditions: ensure continuity of
probability current at S. Can be described in the form

(Ug — 12)By(¢) + i(Up + 12) By(¢p) = O, Vo €S
with ‘boundary values’ and ‘connection matrices’ YUy € U(2).
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Let gol, @2 be real elgenfunct|ons of M around 6 € § normalized
by the Wronskian condition W[gol,goz] = 1. Then the ‘boundary
values' Wy, gok]gj: = I|m¢_>9io W[4, gok](gb) exist for any ¢ € Dy.

Boundary conditions require the vanishing of some linear combi-
nations of the boundary values.

We choose auxiliary ‘reference modes’ goz (k=1,2,¢=1,2,3,

0cS) as

o110 (¢) = (—1)*Y (Rip)

and define the ‘boundary vectors’

[ W[

Bo(v) :

%%
Byo(v) x

w

1, ¢
1, ¢

|—t<b|—t<b HCD!—*CD

) Bé(w) :

, Bp() :

_ W, SOQ]Q—I- _
| Wi, 902]9— |

W[, ©8le_ |
- Wy, WSlos |

PU(—¢) = (—1)" ().



Vg € Dg gives unitary operator g on L2(S1): (g¥)(¢) = v (g~ 1(9)).
This is symmetry if compatible with the boundary condition, i.e.,
if g preserves the domain of the self-adjoint angular Hamiltonian.

The previously described self-adjoint local boundary condition

(Ug — 12)By(¢) + i(Ug 4 12) Bp(¢p) = 0, Vo € S,
admits the Dg symmetry iff Uy = U constant and c1Uo1 = U.

MY = Mp,,: self-adjoint Hamiltonian with domain Dy C Dy

_ ial ifo; _ Jja [ COSB ising\ _ (A B
U=eTe € (isinﬁ cosf |- B A
B = 0: separating cases, Six independent sectors on sl

B # 0. non-separating cases, unique continuation of the wave
function through the singular points

(U = —15: ‘Dirichlet’, U = 15 ‘Neumann’, U = oq: ‘free’ case)
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Iv(r—1)
sin? 3¢

2
Local eigenfunctions of M = —diQ + with 1/2 < v < 3/2

v—u v+ u 1 5 )
: : —; SN 3
> 2 U5 ¢
, _ l—v—pu l1—-—v+4 3 .
v2,u(6) 1= [sin 31V F (S E 22V TR Ly g Zsin?30)

with the hypergeometric function F'(a,b,c; z), are eigenfunctions
of eigenvalue

v1,,(@) :=|sin 3¢|VF<

A= (3p)2 for any .

But singular at sin23q5 — 1 and don’t satisfy boundary condition.
We fix the boundary condition using the reference modes

2(6) = (3(2v — 1)) "2y () [O(¢) — O(—¢)]

_1
PI(p) = —(3(2v — 1)) 2wz ,,,(¢),
and wish to determine the spectrum of MU,
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Some auxiliary functions

To cancel the singularity of v; 4, At %, we need the limiting values

a;(p) ‘= gb_”%"‘_o vi (D), bi(p) = ¢£Q“_O Opvi (@)

Explicitly,

r(v+3)r3)
I‘(W)F(”"’%)’

r(—v+3)rQ)
|—(—1/—|—22—|—,u) r(—l/—l—22—,u>

ar1(p) = ax(p) =

6T (v+2)r)

NCOINCDN

By using these, on sector 1 we can introduce even and odd
smooth eigenfunctions with respect to reflection through %.

6 (—v+3)r3)
|—(—V—|—21—|—,u)|—(—1/—|-21—,u)

b1(p) = bo(p) =
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T he eigenfunctions smooth on sl \' S, supported on sector 1 are

) bo(p)v1 () — b1 (p)vo, (@) if 0 < ¢ < g mod 27
N3 (@) = § ba(pv1 w(z — @) —bi(wv (3 —¢) if 5<¢ <3 mod2r
0 otherwise
az(p)vy (@) —a1(p)vo (@) if 0 < ¢ < g mod 2r
1 _
n= ,(¢) =

—as(p)vy w (53— @) +ar(w)vo (3 —¢) If 5 < ¢ <3 mod 2r
0

otherwise
and the ones supported on the other five sectors are

(@) =k, (6~ (k—1)3), for k=2....6

The most general smooth eigenfunction for any eigenvalue 9M2,
6

nu(e) = Y (CEn' .(8) +CEn® (8)),

VCi constants,
k=1

IS square integrable, but does not always lie in the domain Dy;.
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The eigenvalues A\ = (3u)2 of MY are found as the solutions of

FCEFNCS) _ Tv+3)  axp

Fap) = |—(2—g—|—,u)|—(2—g—ﬂ) - I_(—V-|-%) T
or
RT3 aks
Fp(p) = r(Igteyr(I=) T r(—v + 3) S

or Fo(p) = £3 with
Sina cosm . COS 3 — COS « COS 3 + COS «
F: = b b
2(1) singcosnmry  (6v — 3)sin B(al 1)(M)+(6u — 3)sin B(CLQ 2)()
T he corresponding eigenfunctions can be written down explicitly.
We have to consider both p€ Ry and p € iR4.
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Dg classification of the eigenstates in the separating (8 = 0) case

Only the equations F4(u) = constanty and Fg(u) = constantp
arise and each eigenvalue has multiplicity 6.
T he characters Xﬁl, Xff on the respective eigensubspaces satisfy

Xp =X TP HRP, o =t T PP
T he corresponding ‘bosonic’ and ‘fermionic’ states have the form
6 6
A A_
77,LL+ — Z (_1)k+1nli,,u7 Np  — Z "7&,“7
k=1 k=1
By & k B & k+1 k
M = D Mo me = ), (1",
k=1 k=1

‘Type 2’ sates are associated with the characters x(2) and {(2).
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Dg classification of the eigenstates in the non-separating case

T he eigenvalues arising from the solutions of

I_(V—I—%) ot r(V‘|‘%) ot
3+ tan : 7+ tan
r(—v+ j) 2 r(—v+ j) 2
have multiplicity 1. The corresponding eigenstate belongs to the
‘type 1' (dimension 1) representation with character x~—* in case

A and X+i in case B, respectively. These states have the same
form as in the separating case.

Fp(p) =

Fa(p) =

The eigenvalues arising from Fo(u) = i% have multiplicity 2.

The corresponding ‘type 2’ (dim. 2) irrep. of Dg has character

x(?) for 5 and character ¥(?) for —% on the right hand side.
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The shape of the functions Fy and Fp

Fa Fs

N

F4 and Fpg as the function of u for u > 0, with v =2/3.
The function Fy (resp. Fp) diverges at uS® (resp. at ul):

s =w+1)+2m, py=v+2m (m=20,1,2,...)
The function F4 (resp. Fg) vanishes at u9 (resp. at i9):

poy =2 -v)+2m, pHg=I[1-v|, fipy;=B-v)+2m.
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One can prove that Fyu(iz) and Fg(ixz) increase monotonically
from a positive value to 4+o0o0 as = runs from O to oco. Thus
Fs(pn) = constant and Fg(u) = constant can lead to at most
one negative eigenvalue, A\ = 9M2- Positive eigenvalues can be
obtained explicitly if constant € {0, £oc}. As for the ‘type 2' case,

FZ FZ

An example of F>(u), for imaginary values of u = iz (left) and
for real values of u (right). The dashed lines lie at £3.
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Explicitly finds ‘type 2’ eigenvalues if last two terms of F5 vanish

Sina cosm . COS[3 — COS «x COS 3 + COS «

F — b a>b
2() = G B Coswr T (60 — 3ysin g PV Wt G 3y gin g @20 (W)

This happens iff U = +01. Otherwise, qualitative analysis using

6 2(v+ 5)22(-1) (o) () = M2(—v+3)2"2

(b)) = e TG — ) (T —v+)r(—v—p)

‘Stability result’ on negative eigenvalues of MV:

Suppose that all eigenvalues of MV are positive for U = U(ag, Bp)
and (agq, Bg) are generic in the sense that

ao £ Bo

| tan | < o0, sSinBg#0, (cosag-+ cospy) #O0.

Then MY with U(a, B) has only positive eigenvalues for any («, 3)
near to (ag, Bg). The property of admitting a negative eigenvalue
IS also stable generically under small perturbations of U.
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_1
The radial Hamiltonian: H, y = — -I- 8‘“ r? )\7,.—24

must be self-adjoint on a domain |n L? (R4,dr). This domain is
unique if A > 1, and then obtains the eigenvalues/eigenfunctions

3
Epa = 2c(2m+ 14+ V), c::\@w, m=0,1,2,...,

1 1 2
(1) = 12TV A3 VA (or2),

where L%X is the Laguerre polynomial (exercise in Landau Q.M.).

There is a one-parameter family of radial quantizations if A < 1.
We reproduce results of (Wipf et al, Basu-Mallick et al, 2002) for
0 < A<1, with independent proofs, and also prove that energy
iIs not bounded from below if \ < 0.
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The energy spectrum for O < A < 1 is found as the solution of

M(—e+ 152 T E
Fy\(e) := ( €+1 2\/X) (\/{) (A)  with €:=4—
M(—e+ 22 F(vVA) c
and ‘quantization parameter’ kK € RU {co}. The shape of F) is
Fa

-

1_2\/X—|—m for any m € Z_..
20

Fy =0 at 1+2\/X—I—m and




Energy spectrum in the four explicitly solvable cases:
‘Dirichlet’ case, U = —1, (reproduces Calogero’s result):

E£n=20(2m—|—1—|—3(2n—|—1—|-1/)), E£n=20(2m—|-1—|-3(2n—|-1/))
‘Neumann’ case, U = 15:
Ed =2¢(2m+14+302n+ 14 (1-1))),

EB =2c(2m+1+32n+ 1 -1)]), mn=0,1,2,....

Two new isospectral cases, U = +o41: Union of the eigenvalues
in the Dirichlet and Neumann cases (for type 1 states), together
with the type 2 eigenvalues, with A(v) := X arccos (% COSTH/),

It =2c@m+1+3@2n+ (1 - A®W)))),
BT =2c@m+14+30@n+14+ (1 - AW))),
52" =2c(2m + 14 32n + A®W))),

E@) ™ =2c2m+14+302n+1+A0L))).
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Concluding remarks

1. System with U = o1 ‘free’ boundary condition tends to

two-dimensional harmonic oscillator as coupling constant g — O.

2. What about generalization to arbitrary particle number N7

3. Does integrability select boundary conditions? What about
the scattering problem?

4. Separation of variables in different coordinate systems may

lead to widely different quantizations. Illustration using the

N = 2 Calogero model.

5. By the techniques developed, can study, e.g., the SU(1,1)

anomaly for the radial equation, or the 2-particle dihedral D,

type Calogero models.

6. Deficiency indices of the original (non-separated) Hamiltonian

are probably infinite, how to investigate it?
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