Applications of Hamiltonian reduction
to integrable many-body systems

LLaszlo Fehér, Wigner RCP, Budapest and University of Szeged

e Tenet: Integrable systems are ‘“shadows’” of ‘“free systems’.

e T WO integrable many-body models are dual to each other if the
action variables of model-1 are the particle coordinates of model-2,
and vice versa. Self-duality occurs as a special case.

e Duality was originally discovered by Ruijsenaars (1988-95) in his
direct construction of action-angle variables for Calogero-Sutherland
type models and their relativistic generalizations.

e First illustration: derive the hyperbolic Sutherland and the ratio-
nal Ruijsenaars-Schneider models by a single reduction of certain
‘canonical free systems’, which will explain their duality.

e Second illustration: derive action-angle map for open Toda lattice.
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The simplest self-dual system: Hca(q,p) = Zpk + = Z ( )2
dk — 45

Symplectic reduction: Consider phase space T*Iu(n) ~ ju(n) x |u(n) = {(Q,P)}
with two families of ‘free’ Hamiltonians {tr (Q*)} and {tr (P*)}. Reduce by the
adjoint action of U(n) using the moment map constraint

Q. Pl = (@) =iz Bi
JFk
This yields the self-dual Calogero system (OP [76], KKS [78]):
gauge slice (i): Q@ = ¢ :=diag(q1,...,qn), q1 > --- > qn, With p:=diag(p1,...,pn)

E; -
P=p+ix E k= = Lcai(q,p) Lax matrix, tr(dP AdQ) = g dpi. N dqp
—;. 45 — 4k _
j#Fk k=1

gauge slice (ii): P =p :=diag(p1,...,pn), P1> - - > Pn, With g : = diag(q1,...,qn)

n
Q = —Lca(p,§) dual Lax matrix, tr(dPAdQ) =) dg A dp.
k=1
The alternative gauge slices give two models of the reduced phase space. Their
natural symplectomorphism is the self-duality map.

For a recent application, see T.F. Gorbe: A simple proof of Sklyanin's for-
mula for canonical spectral coordinates of the rational Calogero-Moser system,
arXiv:1601.01181



First dual pair of many-body models

The hyperbolic Sutherland model (1971):

Hpyp—suth(q,p) = Zpk + & Z

Sth(qf — qk)

Basic Poisson brackets: {¢* ,pj} = 5;-.

The rational Ruijsenaars-Schneider model (1986):

N~

2
p,q) = » cosh 1+ —
Heat—rs(P,q) = Z (qx) jl;[k [ (5 — 57)2

Basic Poisson brackets: {ﬁ,f]‘j} = 5;- (p* are RS ‘coordinates’)

Models describe n ‘particles’ moving on the line, and are integrable
(exhibit factorizable scattering).



Canonical integrable systems

Consider real Lie algebra G := gl(n,C) with bilinear form
(X,Y) ;= Rtr (XY) VX,Y € G,
and Lie group G := GL(n,C). Phase space is cotangent bundle
T*G~GxG={(g,JN|geq JEeg}
with symplectic form
Q = d(J¥ g Ldg)

In terms of local coordinates =z and momenta m: 2 = >, dmg Adx?

With basis {T,} of G, the basic Poisson brackets are

{gjkv <JR7 TCL>} — (gTa)jka {<JR7 TCL>7 <JR7 Tb>} — _<JR7 [Ta, Tb]>

and any two functions of ‘configuration space’ variable g commute.



Introduce matrix functions £1 and £, on T*G by

Li(g,J) = J and Ly(g,JF) := g4

These ‘unreduced Lax matrices’ generate ‘canonical Hamiltonians’

1 ; ,
H; = }éﬁtr(ﬂl), j=1,...,n
_ 1 k
Hy = —tr (L£3), k==+1,...,£n
2k

e Both {H,} and {H} form Abelian algebras.
e One can write down their Hamiltonian flows explicitly.
e [ hey are invariant under large symmetry group.

Interesting models are reductions of ‘obviously integrable’ systems.



Hamiltonian flow defined by H;:
g(t) = g(0) exp(t(JH(0))Y 1),  J(®) = J"(0).

Flow generated by Hp:

k
TR = J7(0) =t (47(0)9(0))",  g(®) = g(0).
We shall reduce by symmetry group

K:=Un)xum)*t
(nr,mr) € K (n, r € U(n)) acts by ‘canonical transformation’ Wy, .,

. —1 —1
Wopmg - (9, I = (pgngt nrJngt)
‘Infinitesimal generators’ of symmetry are given by ‘moment map’

TG —»u(m) dum)?, &g, I = (¢J" Dy, -
Here, VX e€§g:X = X4 +X_ with X, € u(n), X_ € iu(n)
e Hamiltonians Hj and ﬁk are invariant under symmetry group K.

e ® is constant of motion for flows of H; and Hj.



Steps of the reduction procedure:

1. Fix the conserved quantities encoded by & to some constant
(in other words: introduce constraints on phase space).

2. Factorize (that is: eliminate variables) by ‘residual symmetry
transformations’: symmetries preserving the chosen value of ®.

Result: Reduced phase space with Abelian algebras induced by {H}
and {ﬁk}

T he reduced systems can be solved by ‘projecting’ the original flows.
The art is to find ‘good value' of the constants of motion.

Paradigm: Fix angular momentum in spherically symmetric problem
and factorize out angle corresponding to rotations around the fixed

angular momentum. The reduced system will be a ‘radial equation’.
Here: want to solve ‘radial equation’ by viewing it as reduction of ‘trivial problem’.
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Our choice of moment map constraint:
J_JE = 0, (gJRg_l)_|_ = 1= ik(1y — ww')
with real constant x and vector wt :=(1,1,...,1).
For technical convenience, we introduce ‘extended phase space’
where extended moment map will be set to zero, giving same result.
Define OL:={¢=ir(vo! —1,)|veC? [v]2=n}.

Elements ¢ € OL are of the form —nuxn~1 with n € U(n). OL is orbit
of U(n) with natural symplectic form, Q©, and Poisson bracket

{(&, 1), V)= ([T, V]) VT,V € u(n).

On extended phase space T*G x Ok = {(g, J, &)}, symmetry group
K acts by W&t (g, JE &) (npgng®,mpdfngt nrénp ).

Infinitesimal generator is (g, J1, &) = ((gJ g~ 1)y + ¢, —J).

We reduce by imposing @€t = 0, and then factorizing by K.



Extended canonical integrable systems

Before reduction, we extend ‘canonical Hamiltonians’ to T*G x Ok
by declaring that they do not depend on ‘auxiliary variable' & € O,{j:

HY (g, J, &) '= H;(g, ™),  HFYg,J", &) = Hy(g, J™)
Flows on T*G x OL are same as flows on T*G adding £(t) = £(0).

Extended Hamiltonians are spectral invariants of
LYt (g, 8, €)= J% and  £5%(g, IR, €) = g4,
since Hext — 1§)‘Etr((£eXt)J) and H&t = tl’((ﬁeXt)k)

In general, Lax matrices matter only up to similarity transformation.
Now

ext ext ext —1 ext ext ext —1

Therefore, the reduced Hamiltonians will be generated by reduced Lax matrices.
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Definition of the reduced systems

Reduced phase space is space of K-orbits in level set deXt — O:

T*G x OL /)oK = (oY~ 1(0) /K

In our case this is a smooth manifold, as we shall see.

Using the natural injection and projection maps
c(@FHTH0) 5 T* G x OF, 1 (¥ T1(0) — (¥ T1(0)/K
reduced symplectic form, Q9 is characterized by
*Qred *Qext with Qext O _I_ QO

In another language, Qred encodes the so-called Dirac bracket.
Reduced Hamiltonians H*? and A*¢ are defined by

H;edow=H§XtOL, Hredow—He><t

two
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Notationwise, associate to any vector g € R™ the diagonal matrix

q := diag(q’,...,q").
Let C denote the open domain (Weyl chamber)

C:={qeR"|¢'>¢> - >q"}.
Equip T*C ~ C x R" = {(q,p)} with the Darboux form

Qpec(q,p) =Y dpy A dg”
k

corresponding to the canonical Poisson bracket.

Define iu(n)-valued (Hermitian) matrix function Li on T*C by
K

sinh(¢/ — ¢*)

L4 is actually the standard Lax matrix of the Sutherland model.

L1(q, p)]k _p] jk — |(1_5 k)
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First model: the Sutherland gauge slice 54

Theorem 1. The manifold S defined by

S1:={(e%, L1(q,p), —px) | (g,p) €C xR"}

is a global cross section of the K-orbits in the submanifold ($)~1(0)
of T*G x OL. If 11 : S1 — T*G x Ok is the obvious injection, then in
terms of the coordinates q, p on S1 one has

(%) =" dpp A dg”.
k

That is, the Dirac bracket on S is just the canonical Poisson bracket {q',p;} = 5;
T herefore, the symplectic manifold

(1, dpy, A dg®) ~ (T*C, Qpsc)
k
Is a model of the reduced phase space.

Theorem 1 due to Olshanetsky-Perelomov [76], Kazhdan-Kostant-Sternberg [78].
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Next, denote the elements of T*C = C x R"™ as pairs (p,q).

Define n x n (Hermitian, positive definite) matrix-valued function
L> on T*C by

Ik
Lo(, @) ik = u;(P,q . up (P, q
2(D; @) ji = ui (P, ) (5 ) k(D; Q)
with
1
2 4
. G K .
wi(P,§) = e U/2 ] [1+ G —pmz| 0 T 1,...,n.
m ] pr=p
Then define R™-valued function
1
v(D,q) = L2(p,q) 2u(p, ),
where v = (uq,...,un)t. It can be verified that |v(5,3)|? = n.

Finally, introduce the OL-valued function
£, q) = E((B, ) = ik(v(B, v(B, )T — 1n)

L» is actually the standard Lax matrix of the Ruijsenaars-Schneider model.
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Second model: the Ruijsenaars gauge slice S-

Theorem 2. The manifold S, defined by

So = { (La(B, )2, 2D,£(5,0) | (5,3 € C x R}

is a global cross section of the K-orbits in the submanifold ($)~1(0)
of T*G x OL. If 15 1 S5 — T*G x OL is the obvious injection, then in
terms of the coordinates p, ¢ on S»> one has

* exty _ ~ ~k
B(QPH) =) dg A dp”.
k
That is, the Dirac bracket on Sy is just the canonical Poisson bracket {p‘,q;} = 5;

T herefore, the symplectic manifold
(S2, Y dg A dp*) ~ (T*C, Qp+¢)
k
Is a model of the reduced phase space.
Theorem 2 is the main result of L.F.-C. KlimCik: J. Phys. A: Math. Theor. 42 (2009) 185202
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1. Since S71 and S», are two models of the reduced phase space,
there exists a natural canonical transformation (symplectomorphism)
between these two models:

(S1,> dpy Adg®) = (T*G x O/ /oK, Q") = (82, dgy, A dp¥).
k k

By definition, a point of S is related to that point of S5 which
represents the same element of the reduced phase space.
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2. The K-invariant Hamiltonians H]eXt and FI,th descend to the

reduced Hamiltonians {H®} and {A[*} on T*G x Of//oK, whose
commutativity follows from the construction. The restrictions of
the ‘unreduced Lax matrices’ to S1 and S5 satisfy

/:,%Xthgl =171 and LSXt|52 = Lo.
The reduced Hamiltonians take following form in terms of the
‘gauge slices’ (S1, Yk dpg A dg®) and (Sa, Yk dgy A dpF):
1 n i
on S1:  H{*4 = Ztr (14 Yy afed = - Z(eQQ )k
J —

1
on Sp: H® = 2(2 aped = %tr(Lz)
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3. L is the Lax matrix of the hyperbolic Sutherland model and
Lo is the Lax matrix of the rational Ruijsenaars-Schneider model.
Indeed, the basic Hamiltonians of these models are

1 1 >
o — _ : = —tr (L
hyp— Suth(q p) Zpk‘F 5 ;ksmhz(q.? —qk) 5 r( 1(61727) )

2

Hrat—rs(, §) = ZCOSh(qw 11 [1 +7 r = %tr (L2(5, ) + L2(5, D))
JFk

Besides the Hamlltonlans, also the Lax matrices arose naturally
from the reduction.

pr—pJ)?
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4. Consider two points of S;1 and S> that lie on the same K-orbit,
and are parametrized by some (gq,p) € C x R™ and by (p,q) € C x R".

Then there exists n € U(n) for which

B _ B N S
(nedn=t, nL1(q,p)n~ 1, —nuen™1) = (La(,3)2, 2D, £(B, 7)).
T herefore:

The matrix 2p, which encodes coordinate-variables of rational RS
model, results by diagonalizing the Sutherland Lax matrix L1(q,p).

Conversely, ezq, which encodes coordinate-variables of Sutherland
model, results by diagonalizing the RS Lax matrix L>(p, 7).

This reproduces, effortlessly, original direct construction due to Ruijsenaars (1988).
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5. Now it is obvious that the two many-body models are dual to
each other.

On the one hand, the Ruijsenaars-Schneider particle-coordinates
pL,...,p" regarded as functions on Sy define action variables for the
hyperbolic Sutherland model.

On the other, the Sutherland particle coordinates ¢1, ..., ¢" regarded
as functions on S> can serve as action variables for the rational
Ruijsenaars-Schneider model.
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6. The known solution algorithms for the commuting Hamiltonians
of the models are easy byproducts of the geometric approach.

First, take an initial value on the ‘gauge slice’ S1 and project the
‘free flow’' of HJeXt back to S71. This implies that ijed generates the
following evolution for the Sutherland coordinate variables:

e2a(t) — D[€Q(O) exp(2tLq (O)j—l)eq(O)] ,

where D is the operator that brings its Hermitian matrix-argument
to diagonal form with eigenvalues in non-increasing order.

Similarly, we obtain that H}®d generates the following flow for the
Ruijsenaars-Schneider coordinate variables:

~ _ ~ k
2p(t) = D[2p(0) — tL2(0)"].
The particles move as eigenvalues of ‘geodesic in a space of matrices’, as usual.
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Conclusions so far and plan of what follows

We interpreted the duality between the hyperbolic Sutherland and
the rational Ruijsenaars-Schneider models in geometric terms.

Thus we obtained a Lie theoretic understanding of results due to
Ruijsenaars (88), who discovered the duality ‘by bare hands’.

Our symplectic reduction approach simplifies a considerable portion
of the original technical arguments. It can be — and was — adapted
to explore more complicated cases of the duality, too.

Next, I present a group-theoretic interpretation of old results about
action-angle map and duality for open Toda

Hoda(a,p) = 5 > pf + 3 el 0
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Ruijsenaars (1990) found explicit action-angle map for Toda Hamiltonian
system (M,w, H) and introduced dual integrable system.

n 1 n—1 -
Mo=ROR={(g.p)}, w= ) dpindg, H=353 pi+3 i ih
1=1 1=1 1=1

Phase space of action-angle variables: (M, )
mn
M :={((,q cR"XR"|p1 >po> - >pn}, @= ) dgAdp;
i=1
Formula of action-angle map R: M — M
q; = IN(opt1-/0n—j), Pj = Ont1—i/Ont1—j — On—j/on—j,

O -— Z eZzng H |]32 —ﬁj|_1 Vek=1,...,n, og:=1)
|I|=k iel,jel

I C{1,2,...,n} subset of cardinality |I| =k, 63 := {0}, 5 11 D7} 11

7

Action-angle map R converts H into free form: Ho R = %2?21@2-

Dual system: (M,d, H) with H := 01 = efmoR =Y, el Hj#iﬁ
¢ J
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Toda action-angle map and duality from symplectic reduction

Unreduced phase space: T*GL(n,R) ~ GL(n,R) x gl(n,R) = {(g9,7)} equipped
with symplectic form Q := 2dtr (Jg¢ 'dg).

Two sets of commuting “free Hamiltonians” {H;} and {H;}:

1 . _
Hig, T) 1= tr (T, Hilg, T) == mi((gg)™), k=1,...,n,
Notation: m(X) := det(X}) is k-th leading principal minor of n x n matrix X.

Reduce by the symmetry group Ny x O(n,R). Ny is upper triangular nilpotent
subgroup and (n4,n0) from symmetry group acts by the map W, . v:

Wi 00 (9 T) = (nrgngtmodngt).
This Hamiltonian action is generated by the moment map &:

Cb(g, j) — ((gjg_l)lower—triangular parts _janti—symmetric part)-

Reduction relevant for Toda is defined by imposing the moment map constraint
d(g,T) = po := (1_,0), (Olshanetsky-Perelomov, Adler, Kostant, Symes, ...)

where [_ = E?;f E;y1,; contains 1 in its entries just below the diagonal.

Reduced phase space @ 1(uo) /(N1 xO(n,R)) inherits 2 Abelian Poisson algebras.
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First model of the reduced phase space: ‘Toda gauge’
By Iwasawa decomposition, any g € GL(n,R) can be uniquely written as

g = 9+9Ago; (94,94, 90) € Ny x A x O(n,R).
Associate to (gq,p) € M := R" x R™ the diagonal matrices

n n
Qq) == — ZQn+1—iEz',ia P(p) == — an—l—l—z’Ei,i
i=1 i=1

and define Jacobi matrix (alias Toda Lax matrix, since H(q,p) = %tr (L(q,p)?))

L(q,p) := P(p) + e @@/2] R@/2 1 R@/2], ~Q@)/2,

The following manifold S is a global cross section of the orbits of the “gauge
group” N4 x O(n,R) in the “constraint surface” ®1(uo):

S = {(e%92 L(q,p)) | (g,p) € M}.
Reduced symplectic form is represented by pull-back (5(2) = 2?21 dp; Ndg;, = w.

k
1 _
The equalities (5(Hy) = Etr (L), 5(Hy) = H el show that
j=1
in terms of model (S, 5(€2)) ~ (M,w) of reduced phase space, the unreduced free

Hamiltonians {H;} descend to commuting Toda Hamiltonians and {#;} descend
to (functions of) Toda position variables.

All this is well-known. I call S ‘Toda gauge’: a model of @ 1(ug) /(N1 x O(n,R)).
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Second model of the reduced phase space: ‘Moser gauge’

RY: set of vectors p satisfying p1 > p> > --- > pn. RY: vectors w having positive
components. For (p,w) € RZ x R define n x n matrices A and I" by

)k—l

A(p) = diag(p1,p2,...,Pn), F(p,w)ik == w; (s (diagonal X Vandermonde)

My main observation: The manifold
S = {(F@w) ", AD)) | (p,w) € RL x RY }
is a global cross-section of the orbits of Ny xO(n,R) in constraint surface ®~1(ug).
The key is to consider Iwasawa decomposition
F(p, w)™" = n4(p, w)p(p, w)no (P, w) with p(p, w) = diag(p1(p,w), .. ., pa(P, w)).

Fact: no(p, w)A(P)no(p, w) ! is Jacobi matrix, determines (p,w) up to scale of w.

Then unique gauge transformation from S to S yields a map

R:S— S, (ﬁ)w) = (eQ(Q)/QaL(Q7p)) — (p(ﬁ7w)7770(ﬁ7w)/\(ﬁ)770(ﬁ7w)_1)
It is EASY to find this map explicitly since IN'(p,w) is diagonal X Vandermonde.
Using Cauchy-Binet, trivial calculation of H (g, J) = mi((gg?)~1) in the two gauges gives

k
H edr+1i-i o R — mk(r(ﬁ, w)tr(ﬁ, ’w)) = Z (H wl2 H |]’5@ — ﬁj|>

=1 |[I|=k “lel i,j€I
7]

To finish, parametrize Moser’s variables (p, w) by Darboux coordinates (p,q).
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Ruijsenaars’ action-angle map and duality from reduction

Reduced symplectic form is easily calculated in the Moser gauge

dp; N\ dp
S(Q) = QZdln w; N dp; + Z op; 7t OPk (thanks to C. Klimcik)
i=1 jim1 Pi— Dk
j7=k
Corresponding Poisson brackets: {p;p;} = 0, {Bi,w;} = 50, {wj, wp} = 55°%.

—~

These variables linearize the Toda flows, whose Hamlltonlans become on S
A0 = 1S (o
> 2i—1 Z

Toda action-angle variables (p, ) are obtained by the parametrization

n
wi(p,§) = e [[ 1B — 5515 (5@ €RL xR" = M,
i
which brings ¢5(€2) into Darboux form & = \" ; dg; A dp;.
Map R : S — S is automatically symplectomorphism and “explains” Ruijsenaars’

formula. Reduced Hamiltonians /% (’Hk) are Ruijsenaars’ dual Hamiltonians.
Toda position variables q; are act|on variables of main dual Hamiltonian:

ﬁ:eq”ORZLE(?:zl):Zw ZeqH

=1 =1 JFE |p _p|
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CONCLUDING REMARKS

The same general ideas have been applied to explain almost all the
other known duality relations, and were also used to find new ones.
For example, one of the most complicated cases is the relation
between the trigonometric Ruijsenaars-Schneider system

1

n sinh2x 2
Hirigo—Rs = Z (cosh py,) H [1 T - P , ]
k=1 ik sin“(qx — q;)

and the physically very different dual system

N|—

- n sinh?z
Hirigo—RS = (cosqr) [1— . — ]
° kzzzl jl;[k sinh?(py, — ;)

This was enlightened by reduction of Heisenberg double of P-L U(n)

T here are still many open problems, including the self-duality of

1
sinh2z r
)

Sinhz(qk — gy

n

Hpyp—rs = ) (coshpy) [] [1 +
k=1 ik
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